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Abstract
We prove three results about global cross sections which are disks, henceforth called global
transverse disks. First we prove that every nonsingular (fixed point free) C1 flow on a closed
(compact, no boundary) connected manifold of dimension greater than 2 has a global transverse
disk. Next we prove that for any such flow, if the directed graph Gh has a loop then the flow does
not have a closed manifold which is a global cross section. This property of Gh is easy to read off
from the first return map for the global transverse disk. Lastly, we give criteria for an “M-cellwise
continuous” (a special case of piecewise continuous) map h :D2 →D2 that determines whether h
is the first return map for some global transverse disk of some flow ϕ. In such a case, we call ϕ the
suspension of h.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Let M be a closed (compact, no boundary) connected n-dimensional manifold and
ϕ :R × M → M a nonsingular (fixed point free) flow on M . An important tool for
understanding global properties of a flow is a cross section to the flow, sometimes called
a Poincaré section. This is a codimension 1 submanifold which is transverse to the flow.
It is often possible to define a map, called the return map, that takes a point x in the cross
section to the first time the forward orbit through x intersects the cross section. Poincaré
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used this idea to show there are certain periodic orbits in the restricted 3-body problem by
finding fixed points for a return map.
A cross section is called a global cross section if both the forward and backward orbits
through any point intersect the cross section. A standard use of a global cross section
is to prove that the irrational flow on the torus (dx/dt = α, dy/dt = 1 on R2/Z2 with
α irrational) is minimal (every orbit is dense) by showing that there is a circle which
is a global cross section and the return map is an irrational rotation and hence minimal.
The term “global cross section” is most often used to refer to a manifold that is compact
and without boundary as in this torus-circle example. While these cross sections are very
useful, they are also very rare. Birkhoff introduced the case where the global cross section
is a compact manifold with boundary and the boundary is invariant under the flow. Jenny
Harrison and Charles Pugh used such a global cross section to show that there exists a
flow on S3 which is ergodic in [3]. Examples of global cross sections which are compact
manifolds with boundary but where the boundary is not invariant under the flow occur
in the study of billiards as in [4] and in the study of minimal flows in [2,1]. These cross
sections are often called transversals because the flow is transverse at all points in the
cross section including the boundary. The first return maps in such situations are piecewise
continuous. We will consider cross sections that are compact (n − 1)-dimensional disks
that are topologically transverse to the flow as in Definition 1. We will restrict ourselves to
the case where the flow is C1, although all results hold for any flow in which every point
in the manifold has a flowbox neighborhood. Following terminology suggested by David
Fried, such a cross section will be called a transverse disk.
In this paper we prove three results. First, if n > 2 then ϕ has a global transverse disk.
By a global transverse disk, we mean a transverse disk Σ such that the orbit through any
point in M intersects intΣ in both forward and backward time. This result says that global
transverse disks are much more common then global cross sections that are compact and
without boundary. The requirement on the dimension is essential, as the Reeb flow on
T
2 = R2/Z2 defined by the vector field F(x, y) = (cos(2πx), sin(2πx)) does not have
such a global transverse disk.
Let Σ be a global transverse disk for ϕ. The next result is that if the directed graph
Gh has a loop A∗i1 → A∗i2 → ·· ·→ A∗in → A∗i1 then the flow does not have a global cross
section which is a closed manifold. This graph can be read off from the first return map as
described in Section 2. For an example see Fig. 3.
Lastly, we give conditions on an M-cellwise continuous map (Definition 3) h :D2 →D2
which are equivalent to the map being the first return map for some flow ϕ on a 3-
dimensional manifold M . For such an h, we call M and ϕ the generalized suspension of h.
It is proven in [1] that if M,ϕ is the generalized suspension of h then M is determined up
to homeomorphism and ϕ is determined up to topological equivalence. This is exactly
as in the standard case of the suspension of a homeomorphism of a closed manifold.
If f is a homeomorphism of a closed manifold then the isotopy class of f determines
the homeomorphism class of the suspension manifold. The analogous statement for the
generalized suspension of h is that the cell conjugacy class (Definition 3 from [1]) of h
determines the homeomorphism class of the suspension manifold, which is also proven
in [1]. A theme in this paper and in [1] is that global transverse disks are more common
than global cross sections but still capture the important topological properties of the flow.
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2. DefinitionsAs in Section 1 let M be a closed n-dimensional manifold and ϕ :R×M →M a C1
fixed point free flow on M . Also let Σ be a global transverse disk. By this we mean that
Σ ∼=Dn−1 = {(x1 . . . , xn−1) ∈ Rn−1 |
√
x21 + · · · + x2n−1  1}, the orbit through any point
x ∈M intersects Σ in positive and negative time, and Σ is topologically transverse to the
flow, using the following definition.
Definition 1. Let M be a manifold with a flow ϕ. Let Γ be a codimension 1 submanifold of
M without boundary. Let x ∈ Γ and let U be a neighborhood of x such that U − (Γ ∩U)
has two components. We say that Γ is topologically transverse to the flow at x if ϕ(t, x) is
in one of the components and ϕ(−t, x) is in the other component for all t in some nonempty
interval (0, ε). We say that Γ is topologically transverse to the flow if it is topologically
transverse at every point. If Σ is a codimension 1 submanifold of M with boundary, we say
that Σ is topologically transverse to the flow if there exists a manifold without boundary
containing Σ which is topologically transverse to the flow.
It is shown in [1] that there exists an arbitrarily small perturbation of Σ so that the first
return map to Σ is M-cellwise continuous, which is a specific case of piecewise continuous
given by the following series of definitions.
A natural structure that we need is an M complex, which is a generalization of a CW
complex and is defined as follows.
Definition 2. An M complex is a topological space defined as follows.
For each n = 0,1, . . . ,N , let {enα} be a set of compact n-dimensional manifolds with
boundary where α runs over some finite indexing set. For each enα , we denote the interior
of enα by enα . The enα are called M-cells, being manifolds which play the role of cells in the
definition of a CW complex.
(1) Let X0 = {e0α} be a discrete set of points.
(2) Inductively define Xn, called the n-skeleton, from Xn−1 by attaching each enα by
maps ψα : ∂enα → Xn−1. That is, Xn is the identification space of Xn−1
∐
α e
n
α under
x ∼ψα(x) for x ∈ ∂enα .
Following the notational conventions in [5] for CW complexes, if C denotes the set of cells
and attaching maps then |C| =XN denotes the resulting topological space.
The following is our definition of M-cellwise continuous.
Definition 3. Suppose that Cd and Cr are M complexes and h : |Cd | → |Cr | is a (not
necessarily continuous) map. (The notation is chosen because Cd is the cell complex on
the domain of h and Cr is the cell complex on the range of h.) If h restricted to any M-cell
of Cd is continuous and the image of any M-cell of Cd under h is an M-cell of Cr then we
say h is M-cellwise continuous. For us h will be a bijection.
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So an M-cellwise continuous map is essentially a piecewise continuous map where the
regions of continuity are M-cells. For x ∈M , define the following return times.
τ0(x)=max
{
t  0 | ϕ(t, x) ∈Σ},
τ+(x)=min
{
t > 0 | ϕ(t, x) ∈ intΣ}, (1)
τn(x)=min
{
t | τn−1 < t  τ+ and ϕ(t, x) ∈Σ
}
.
Note that by the compactness of M and Σ the maxima and minima in the definitions of
τn and τ0 must exist, and it is not difficult to show that the minima in the definition of τ+
also exists. For x ∈Σ , τ1(x) is the first return time. It is proven in [1] that τ1 is bounded
below by a nonzero constant on Σ . Since every orbit in M passes through intΣ in both
positive and negative time, both τ+(x) and τ0(x) are finite for every x ∈M . Also, let
N(x)= sup{n ∈ Z | τn(x) is defined}.
Note that N(x) is one plus the number of times the forward orbit through x intersects
∂Σ before it intersects intΣ .
The main construction which decomposes the manifold M over the global transverse
disk Σ is the function F :M→R×Σ defined by
F(x)= (−τ0(x),ϕ(τ0(x), x)).
Then we define the “tower” associated with Σ to be the set
T = Im(F ).
Examples of towers are shown in Figs. 1 and 3. There exists the natural projection
π : T →Σ defined by π(t, x)= x .
In Lemma 6 from [1] there is a transversality condition which we will need in the case
when dim(M) = 3. First we define some notation. Let M be a 3-manifold with flow ϕ
and global transverse disk Σ . Let h :Σ → Σ the first return map. Let Γ ∼= intD2 be a
global cross section which contains Σ . (Our definition of transversality for Σ guarantees
the existence of such a Γ .) Let p be a point in ∂Σ such that h(p) ∈ ∂Σ . Assume that Γ
is small enough that the first return of p to Γ is at h(p). Let U be a neighborhood in Γ
of p such that the first return map from U to some neighborhood in Γ , V of h(p), is a
homeomorphism. Let f :U → V be this homeomorphism.
Definition 4. We say that the first return map satisfies the transversality condition if for
every p ∈ ∂Σ with h(p) ∈ ∂Σ , f (U ∩ ∂Σ) intersects ∂Σ ∩ V transversely at h(p) and
h−1(p),h2(p) ∈ intΣ .
It is proven in [1] that any global transverse disk Σ ∼=D2 can be perturbed an arbitrarily
small amount so that it satisfies this transversality condition, and in fact a similar statement
can be made for a suitable definition in higher dimensions. For such cross sections the first
return map is M-cellwise continuous. It is not difficult to show that if dim(M) = 3 then
N(x) 3 for all x ∈Σ , and it is true in general that N(x) dim(M) for all x ∈Σ . This
observation suggests two very natural M complexes on Σ as follows.
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the first return map h, is discontinuous is shown as the thin lines. Each region on which h is continuous is labelled.
In the right hand picture, the identification resulting from the first return map h is labelled. The identification on
the rest of N is forced by the flow.
Definition 5. Define the M complex Cd on Σ as follows. Let h :Σ → Σ denote the
(piecewise continuous) first return map. For each x ∈ Σ let k(x) = max{k  0 | hk(x) ∈
intΣ}. For each i = 0, . . . , n− 1 let
Xi = {x ∈Σ |N(hk(x)(x)) n− i}
and let {eiα} be the components of {x ∈ Σ | N(hk(x)(x)) = n − i}. For every i, α let eiα
denote the closure of eiα in Σ . Define Cr to be the M-complex whose cells are eiα = h(eiα).
We think of Cd as the cell complex on the domain of h and Cr as the cell complex on
the range of h. The following theorem is proven in [1].
Theorem 1. Let ϕ be a flow on an n-dimensional manifold M with global transverse
disk Σ ∼= Dn−1 and suppose Σ is perturbed to satisfy Lemma 6 from [1]. Then the cell
complexes Cd and Cr are well defined M complexes and the first return map is continuous
on each M-cell of Cd . That is, h : |Cd | → |Cr | is M-cellwise continuous.
We consider the M complexes Cd and Cr to be the “standard M complexes” associated
to h. When discussing an M complex for some h we assume that we are referring to Cd and
Cr unless otherwise stated. Note that this theorem is the reason we needed the definition of
an M-complex: M-cells occur very naturally as the regions on which our first return maps
are continuous.
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for each cell P we write P ′ instead of hi(P ).)
There is a directed graph associated with any M-cellwise continuous return map
which captures some important properties of the flow. For simplicity of notation, let
A1,A2, . . . ,Ak be the (n − 1)-dimensional M-cells and a1, a2, . . . , aj be the (n − 2)-
dimensional M-cells of Cd that are in the interior of Σ . Define the directed graph Gh
associated with the first return map as follows. The vertices of Gh are denoted by A∗i , one
for each Ai , and the edges of the graph are denoted by a∗i , one for each ai . For each ai ,
there are two (not necessarily distinct) cells Am and An such that any sufficiently small
neighborhood of a point in ai is contained in Am ∪An. In this case, h(ai) is contained in
exactly one of the Am,An. If Am is the cell with h(ai)⊂ h(Am) then define a∗i to be the
edge going from A∗m to A∗n, denoted A∗m →a∗i A∗n. It is easy to prove (see [1]) that this is
well defined. We will sometimes leave out the a∗i in this notation.
The idea of this graph is as follows. For any n− 2 cell ai ∈ intΣ , h(ai) ∈ ∂Σ by the
definition of Cd . Then there are two n− 1 cells which contain ai in their closure, say Am
and An, one on each side. By the continuity of the flow one of these n− 1 cells returns to
Σ next to h(ai), say Am, and the other passes near h(ai) and returns next to h2(ai). Hence
in this case we have A∗m →a∗i A∗n and the return times for points in Am near ai are less
than the return times for points in An near ai . This property of the return times is evident
in Fig. 3. (See the following paragraph for a discussion of labels on this figure.) This can
be used to formulate an equivalent definition for Gh. We use Gh in Theorem 3 and this
property of the return times near ai plays an important role in its proof.
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complex on the tower for h1 has Cd on Σ and the complex on the tower for h2 has Cr on Σ .
Notice that in Fig. 3 the cell complex on the tower for h1 has Cd on Σ and the complex
on the tower for h2 has Cr on Σ . Putting Cd on Σ helps show how the graph of the first
return time is given by the top of the tower and of the return time is continuous on each
cell. This helps one to “read off” the directed graph Gh. Also, for this complex the region
of the tower over each cell is a flowbox. Putting Cr on Σ illustrates the identification by
which the tower is glued together to get M .
3. Every nonsingular C1 flow on a closed manifold has a global cross section which
is a disk
In this section we prove a stronger version of a theorem from [1].
Theorem 2. Let n > 2 and M be a closed (compact, no boundary) connected n-
dimensional manifold with nonsingular (fixed point free) C1 flow ϕ. Then there exists a
global transverse disk Σ in M .
Proof. We first prove that M has a global cross section which is the union of finitely many
disjoint disks as follows. Let {Bi}Ii=1 be an cover of M by compact flowboxes.
Let (t, x1, x2, . . . , xn−1) be coordinates on B1 with ϕ(s, (t, x1, x2, . . . , xn−1)) = (t +
s, x1, x2, . . . , xn−1) if (t + s, x1, x2, . . . , xn−1) ∈ B1. Let D1 = {(t, x1, x2, . . . , xn−1) ∈
B1 | t = 0}. Then D1 is a disk which is transverse to the flow and intersects every orbit
in B1. Now suppose that {Di} is a finite collection of pairwise disjoint closed transverse
disks that intersect every orbit beginning in B1 ∪ B2 ∪ · · · ∪ Bk−1. We will show that
there exists a collection of transverse disks {D′α} such that {Di} ∪ {D′α} is a finite
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collection of pairwise disjoint closed transverse disks that intersect every orbit beginning
in B1 ∪B2 ∪ · · · ∪Bk−1 ∪Bk .
Let (t, x1, x2, . . . , xn−1) be coordinates on Bk with ϕ(s(t, x1, x2, . . . , xn−1)) = (t +
s, x1, x2, . . . , xn−1) if (t + s, x1, x2, . . . , xn−1) ∈ Bk . Let π :Bk →Rn−1 be the projection
map π(t, x1, x2, . . . , xn−1)= (x1, x2, . . . , xn−1) and let
S = π(Bk)− π
(⋃
i
Di ∩Bk
)
.
Let {xα}∞α=1 be a countable dense subset of S, where the coordinates of each xα are
(xα1 , x
α
2 , . . . , x
α
n−1). For each α, choose
εα = sup
{t | (t,xα1 ,...,xαn−1)∈Bk}
d
((
t, xα1 , . . . , x
α
n−1
)
,
⋃
i
(Di ∩Bk)
)
.
Since
⋃
i (Di ∩ Bk) is compact and is transverse to π−1(xα), this number εα is greater
than zero. Choose t1 so that ε1/2 < d((t, x11 , . . . , x
1
n−1),
⋃
i (Di ∩ Bk)) < ε1. Inducting
on α, choose tα so that εα/2 < d((t, xα1 , . . . , x
α
n−1),
⋃
i (Di ∩ Bk)) < εα , and tα = tβ for
β < α. Let
D′α =
{
(tα, x1, . . . , xn−1) |
√(
x1 − xα1
)2 + · · · + (xn−1 − xαn−1)2  εα/2}.
and
intD′α =
{(
tα, x1, . . . , xn−1
) |√(x1 − xα1 )2 + · · · + (xn−1 − xαn−1)2 < εα/2}.
So the D′α are pairwise disjoint and are each disjoint from the Di . Also, {π(intD′α)}∞α=1 is
an open cover of S as follows. Suppose not, so there exists an x = (x1, . . . , xn−1) ∈ S such
that x /∈⋃α π(D′α). Let
ε = sup
{t | (t,x1,...,xn−1)∈Bk}
d
(
(t, x1, . . . , xn−1),
⋃
i
(Di ∩Bk)
)
.
As before, ε > 0. Choose xα such that d(x, xα) < ε/4. Then εα > ε/2 and x ∈ π(intD′α).
Hence, {π(intD′α)}∞α=1 is an open cover of S.
Choose a subcover {π(intD′α)}Kα=1 (possibly reindexing the D′α). Then each orbit in Bk
intersects either a Di or a D′α , and each of the D′α is disjoint from each Di and from all D′β
for β = α. Hence, {Di} ∪ {D′α} is a finite collection of pairwise disjoint closed transverse
disks that intersect every orbit that begins in B1 ∪B2 ∪ · · · ∪Bk−1 ∪Bk , as required for the
induction. Therefore there exists a global cross section for M which is the union of finitely
many disjoint transverse disks. We will denote the disks in the global cross section by Di .
The next step is to connect these disks using an idea suggested to the author by David
Fried. The idea is to connect the disks by strips which are transverse to the flow. We will
accomplish this by building flowboxes which contain both D1 and D2 and then build the
strip inside these flowboxes. (See Fig. 4.)
The first step is to prove that there exists a point xo in some Dj such that the first
return of xo to
⋃
i Di is in some Dk with k = j . If not, then for any j , ϕ(R, intDj )
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and ϕ(R,
⋃
i =j intDi) are disjoint open sets whose union is M . (Recall that by our
construction the union of the interiors of the Di is a global cross section.) This would
violate our assumption that M is connected, and hence such an x0 exists. For x ∈⋃i Di ,
let t (x)=min{s > 0: ϕ(s, x) ∈⋃i Di} be the first return time for the cross section ⋃i Di .
By reindexing the Di if necessary, we can assume that xo ∈D1 and ϕ(t (xo), xo) ∈D2.
It is possible to connect D1 to D2 now by adding a strip which stays transverse to the
flow. We build this strip explicitly for the case where xo ∈ intD1 and ϕ(t (xo), xo) ∈ intD2.
One can reduce to this case by making D1 and/or D2 larger while still keeping them in the
horizontal level sets of B1 and B2 respectively, and keeping them disjoint from each other,
disjoint from ⋃i =1,2Di , and disjoint from ϕ([0, t (xo)], xo).
There exists a neighborhood U of xo in D1 such that U is mapped homeomorphically
to a neighborhoodV of ϕ(t (xo), xo) in D2. Let BU = {ϕ(t, x) |x ∈U , 0 t  t (x)} where
U is the closure in D1 of U . If U is chosen small enough then U ⊂ intD1, V ⊂ intD2, and
BU ∩ ⋃i Di = U ∪ V . There exists a disk D′1 which is contained in the same plaque
of TB1 as D1 and contains D1, and a disk D′2 which is contained in the same plaque
of TB2 as D2 and contains D2 such that B ′1 = {ϕ(t, x) |x ∈ D′1, −t∗/3  t  t∗/3} and
B ′2 = {ϕ(t, x) |x ∈ D′2, −t∗/3  t  t∗/3} are disjoint flowboxes for some sufficiently
small t∗ > 0. Moreover, if the D′i are chosen close enough to the Di then B ′k ∩
⋃
i Di =Dk
for k = 1,2.
We show that B ′1 ∪ B ′2 ∪ BU is homeomorphic to the set shown in Fig. 4 as follows.
There exists a homeomorphism f from U to {(x, y, z) ∈ R3 | |x|  1, |y|  1, z = 0},
where for simplicity of notation we are assuming that the dimension of M is 3. It is easy
to generalize to the n > 3 dimensional case. This extends to a homeomorphism f of D1
to {(x, y, z) ∈ R3 | |x| 2, |y|  2, z = 0}, which in turn extends to a homeomorphism
f of D′1 to {(x, y, z) ∈ R3 | |x|  3, |y|  3, z = 0}. Extend this map to all of B ′1
by f−1(x, y, z) = ϕ(z,f (x, y,0)) for (x, y, z) ∈ R3 satisfying |x|  3, |y|  3, and
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|z|  t∗/3. This extends to a map of B ′ ∪ BU by defining f−1 on {(x, y, z) ∈ R3 | |x|1
1, |y| 1, z t∗} to be
f−1(x, y, z)=


ϕ
(
z, f (x, y,0)
)
if 0 z t∗/3
ϕ
( t (f (x,y,0))
t∗/3 (z− t∗/3)+ t∗/3, f (x, y,0)
)
if t∗/3 z 2t∗/3
ϕ
(
t∗ + t
(
f (x, y,0)
)− z, f (x, y,0)) if 2t∗/3 z t∗.
This homeomorphism f takes BU to {(x, y, z) ∈ R3 | |x| 1, |y| 1, 0  z  t∗} and f
takes the flow onBU ∩B ′1 andBU ∩B ′2 to the semiflow generated by ∂/∂z, but the semiflow
on BU − B ′1 − B ′2 goes to the semiflow generated by g(x, y, z)∂/∂z for some function g.
This maps V to {(x, y, z) ∈ R3 | |x| 1, |y| 1, z = t∗}. Similar to the case for B ′1 this
extends to a homeomorphism which takes D2 to {(x, y, z) ∈ R3 | |x| 2, |y| 2, z = t∗}
and takes D′2 to {(x, y, z) ∈R3 | |x| 3, |y| 3, z= t∗}. This homeomorphism extends to
all of B ′2 by f−1(x, y, z)= ϕ(z− t∗, f (x, y,0)).
Let B = f (B ′1 ∪ B ′2 ∪ BU). The semiflow induced on B is a time scale of the flow
generated by ∂/∂z. It is easy to find a disk D in B which is transverse to ∂/∂z and
that contains both f (D1) and f (D2). For example, let γ : [0,1] → B be any C∞ curve
such that γ (0)= (1,0,0), γ ′(0)= ∂/∂x , γ (1)= (1,0, t∗), γ ′(1)=−∂/∂x , γ ′(t) is never
tangent to ∂/∂z, and γ (0,1)∩ (f (B1)∪f (B2))= ∅. Define the map Γ : [−ε, ε]×[0,1]→
B by Γ (0, t) = γ (t) and for each fixed to, Γ [−ε, ε] × {to} is a line of length 2ε that
is centered at Γ (0, to), perpendicular to ∂/∂z, and perpendicular to γ ′(to). Then if ε
is small enough Γ is a smooth disk topologically transverse to the flow. Then D =
Γ ∪ f (D1)∪ f (D2) is a disk and is topologically transverse to the flow.
Now f−1(D) ∪ (⋃i>2 Di) is a global cross section which is made of one fewer disks
than
⋃
i Di . By induction we can continue this process until there is only one disk. ✷
4. Closed global cross sections and loops in Gh
Theorem 3. Let M be a closed (compact, no boundary) n-dimensional manifold with flow
ϕ, global transverse disk Σ ∼= Dn−1 , and first return map h :Σ → Σ . If the directed
graph Gh has a loop A∗i1 → A∗i2 → ·· · → A∗in → A∗i1 then M does not contain a closed
submanifold which is a global cross section.
Proof. Suppose for the sake of contradiction that there exists a loop in Gh and a closed
manifold X which is a global cross section. First, rescale time so that the first return time
for X is one. This does not change h or Σ by Theorem 1 of [1]. The idea of the proof is to
slide Σ along the flow onto X. We define a modified return time for this new Σ in Eq. (3)
which is a combination of the return time for the old Σ and the return time for X. This
modified return time will lead to a contradiction because it is increasing around a loop in
the new Σ .
For simplicity, label the M-cells so that the loop is A∗1 →a∗1 A∗2 →a∗2 · · ·→a∗k−1 A∗k →a∗k
A∗1. Associated to this loop, there exists a loop γ : [0,1]→Σ , γ (0)= γ (1) such that there
exist 0 < s1 < s2 < · · ·< sk < 1 such that γ (si) ∈ ai for each i = 1, . . . , k, γ (s) ∈ A1 for
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0 s < s1, γ (s) ∈Ai for every si−1 < s < si , and γ (s) ∈A1 for sk < s  1. Moreover, we
assume that for each i = 1, . . . , k, γ is transverse to each ai at γ (si). Using τ1(x) to denote
the first return time of x ∈Σ to Σ as in Section 2, we have
lim
s→si−
τ1 ◦ γ (s)= τ1 ◦ γ (si) < τ2 ◦ γ (si)= lim
s→si+
τ1 ◦ γ (s) (2)
and τ1 ◦ γ (s) is continuous for all s = si .
The proof of this is as follows. Because of the definition of Gh, points γ (si − ε) (with
ε > 0 and small) return to Σ close to the time γ (si) does while orbits beginning from
γ (si + ε) (with ε > 0 and small) pass close to h(γ (si)) but then flow past Σ and return to
Σ near h2(γ (si)) at some later time.
Now we “slide” Σ along the flow to X. There exists a continuous function tX :Σ →R
such that ϕ(tX(x), x) ∈X for all x in Σ . In fact by standard theorems we can extend tX to
a function tX :M→R. (It of course will not be true in general that ϕ(tX(x), x) ∈X for all
x in M .)
For x ∈M , define g(x)= ϕ(tX(x), x). For every x ∈Σ define
τX(x)=
∫
g(ϕ([0,τ1(x)],x))
dt . (3)
The orbit segment ϕ([0, τ1(x)], x) begins at x ∈Σ and ends at the first return h(x) ∈Σ .
We assert that the path g(ϕ([0, τ1(x)], x)) is homotopic (as paths with fixed endpoints)
to an orbit segment beginning at g(x) ∈ X and ending at g(h(x)) ∈ X. The proof is as
follows. Observe that by the definition of g and the group property of the flow ϕ,
g
(
ϕ(t, x)
)= ϕ(tX(ϕ(t, x)), ϕ(t, x))= ϕ(tX(ϕ(t, x))+ t, x). (4)
The maps [0, τ1(x)]→R given by
α(t)= tX
(
ϕ(t, x)
)+ t (5)
and
β(t)= (1− t/τ1(x))tX(x)+ (t/τ1(x))(tX(ϕ(τ1(x), x))+ τ1(x)) (6)
are homotopic (as paths in R with fixed endpoints) because they have the same endpoints
and R is simply connected. Hence ϕ(α(t), x) and ϕ(β(t), x) are homotopic as paths in M
with fixed endpoints. But ϕ(α([0, τ1(x)]), x)= g(ϕ([0, τ1(x)], x)) by plugging 5 into 4,
and ϕ(β([0, τ1(x)]), x) is an orbit segment beginning at g(x) and ending at g(h(x)).
Hence g(ϕ([0, τ1(x)], x)) is homotopic (as paths with fixed endpoints) to an orbit segment
beginning at g(x) ∈ X and ending at g(h(x)) ∈ X. Therefore τX(x) ∈ Z for every x ∈Σ
since the first return time for X is one.
On each interval (0, s1), (s1, s2), . . . , (sk,1) the function τX(γ (s)) is constant because
it is continuous function whose image is contained in Z. By Eqs. (2) and (3) we have
lim
s→si−
τX
(
γ (s)
)= ∫
g(ϕ([0,τ1(γ (si))],γ (si)))
dt <
∫
g(ϕ([0,τ2(γ (si))],γ (si)))
dt = lim
s→si+
τX
(
γ (s)
)
for every i . Hence τX(γ (s)) is a step function increasing at every si . But this is
a contradiction since τX(γ (0)) = τX(γ (1)) because γ (0) = γ (1). This finishes our
proof. ✷
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5. Criteria for suspendible M-cellwise continuous mapsIn this section we give criteria to test whether an M-cellwise continuous map on D2 is a
first return map for some flow. First we need to fix some definitions. Suppose h :Cd →Cr ,
with |Cd | = |Cr | =Σ ∼= D2, is an M-cellwise continuous map as in Definition 3. Let eiα
denote the cells of Cd and eiα denote the cells of Cr . In the case where there exists a flow
ϕ on a manifold M with Σ ⊂M such that h is the first return map for Σ we say that h is
suspendible and call (M,ϕ) the (generalized) suspension of h.
Let A and a be cells of Cd with a ⊂ A and let xo be a point in a. We write
limx→Axo h(x)= hk(xo) to mean that for every sequence of points xi in A which converge
to xo, limi→∞ h(xi)= hk(xo).
Caveat. Conditions (3) and (4) rely on Figs. 5 and 6. In each of these figures we show
some (k + 1)-cells in a neighborhood of a k-cell and the images of these cells under h.
(k = 1 in Fig. 5 and k = 0 in Fig. 6.) We will treat the k + 1 cells as though they are
distinct even though they may not be. For example, in Fig. 3 the only 2-cell of Cd that
contains c in its closure is A, but for some neighborhood of c the intersection of A with
this neighborhood has two components and both of them contain c in their closure. As
another example, x is in the closure of two 1-cells c and b, but for some neighborhood of x
the intersection of b with this neighborhood has two components, the intersection of c with
this neighborhood has one component, and all three of these contain x in their closure.
Theorem 4. An M-cellwise continuous map h :Cd → Cr is suspendible and the global
transverse disk of the suspension satisfies the transversality condition of Definition 4 if and
only if the following conditions hold:
Fig. 5. The behavior of h on cells near a,h(a),h2(a).
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(1) The M complexes Cd and Cr agree on ∂Σ . That is, for every ekα ⊂ ∂Σ , there exists an
ekβ such that e
k
α = ekβ as subsets of Σ .
(2) Every M-cell (of Cd or Cr ) lies in a sequence {ekα ⊂ intΣ , h1(ekα), h2(ekα), . . . ,
hN(ekα)⊂ intΣ}, where N = 3− k. (Note that ekα is necessarily a cell of Cd , hN(ekα) is
a cell of Cr , and every other cell in this sequence is in ∂Σ and hence can be considered
as a cell of Cd or Cr .)
(3) The map h moves the cells as shown in Fig. 5 and satisfies the list of limits below.
More precisely, Fig. 5 shows the following. Given any interior 1-cell a ∈ Cd , a is in
the closure of exactly two 2-cells, which we call A and B . Without loss of generality,
suppose that in Gh, A→a B . Then h(a)⊂ h(A) and h2(a)⊂ h(B). Letting C denote
the 2-cell of Cd with h(a)⊂ C, we also have that h2(a)⊂ h(C).
Then h must satisfy the limits shown below, where x0 is any point in a.
lim
x→Axo
h(x)= h(xo), lim
x→Bxo
h(x)= h2(xo), lim
x→Ch(xo)
h(x)= h2(xo).
(4) The map h satisfies the information shown in Fig. 6 and satisfies the list of limits
below. More precisely, the information shown in Fig. 6 is as follows. Every 0-cell of
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Cd , p, is contained in the closure of three 1-cells, which we call a, b, and c. (There are
also three 2-cells that contain p in their closure. The action of h on these cells is forced
by condition (3) so we focus on the 1-cells. However we show the 2-cells in Fig. 6 as
A, B , and C for completeness.) Without loss of generality the cells can be labelled so
that h(p) ⊂ h(a) and h(p) ⊂ h(b). There is one 1-cell of Cd which contains h(p) in
its closure and we call this 1-cell d . (There are two 2-cells of Cd which contain h(p) in
their closures. As before the action of h on these cells is forced by condition (3) so we
focus on the 1-cells.) Then h(d), h(c), and h2(a) each contain h2(p) in their closure.
Lastly, h2(b), h2(c), and h2(d) each contain h3(p) in their closure. The arrangement of
the 1-cells and 2-cells with respect to each other is forced by the assertions in condition
(3).
Limits associated to Fig. 6 are shown below.
lim
x→ap
h(x)= h(p), lim
x→bp
h(x)= h(p),
lim
x→dh(p)
h(x)= h2(p) lim
x→h(a)h(p)
h(x)= h2(p),
lim
x→cp
h(x)= h2(p)
lim
x→h(b)h(p)
h(x)= h3(p), lim
x→h(d)h2(p)
h(x)= h3(p),
lim
x→h(c)h2(p)
h(x)= h3(p),
There are some similar limits which involve the 2-cells. They follow from assertions in
condition (3) so we do not need to prove them again. However we include them below
for completeness.
lim
x→Ap
h(x)= h(p), lim
x→Dp
h(x)= h2(p), lim
x→Bp
h(x)= h2(p),
lim
x→F h2(p)
h(x)= h3(p), lim
x→Eh(p)
h(x)= h3(p), lim
x→Cp
h(x)= h3(p).
Proof. First we prove that every suspendible map satisfies conditions (1) through (4). It is
proven in [1] that every suspendible map satisfies (1) and (2).
The cells near a 2-cell behave as shown in Fig. 5 as follows. Each interior 1-cell is in the
boundary of exactly two 2-cells (these 2-cells may be two different parts of the same 2-cell
as described in the caveat in the beginning of this section.) Let a be an interior 1-cell and
let A and B be the 2-cells which contain a in their boundary. By condition (2), h(a)⊂ ∂Σ .
Then by the continuity of the flow orbits which begin to one side of a intersect Σ close to
h(a) and orbits to the other side of a pass by Σ near h(a). Without loss of generality let A
be the 2-cell containing points whose forward obits intersect Σ near a. Then h(a)⊂ h(A).
This is equivalent to A→a B . Using condition (1), h(a) is a 1-cell in the boundary of Cr
and also a 1-cell of Cd . Then a must be in the boundary of exactly one 2-cell of Cd , which
we call C. By condition (2), h2(a)⊂ intΣ . By continuity of the flow, h2(a) must be in the
boundary of h(B) and h(C).
The proof of the information shown in Fig. 6 follows in a similar manner, using
conditions (1), (2), and (3) and continuity of the flow. Let p be an interior 0-cell of Cd .
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By condition (1), h(p),h2(p) ∈ ∂Σ and h3(p) ∈ intΣ . So there must be two 1-cells
in the boundary of Cr which contain h(p) in their boundary. (The boundary of Σ is a
circle so any 0-cell in this boundary must be in the boundary of two 1-cells.) Then let
a and b be the 1-cells in Cd such that h(a) and h(b) contain h(p) in their boundary.
Then by continuity of the flow, a and b contain p in their boundary. In [1] it is proven
that every global cross section Σ can be perturbed so that it satisfies the transversality
condition from Definition 4, and we are assuming that our global transverse disk satisfies
this condition. By this transversality condition, for a neighborhoodU of h(p), either h2(a)
or h2(b) has h2(p) in its boundary. Label a and b so that h2(a) has h2(p) in its boundary.
Also as a consequence of this transverse intersection and continuity of the flow, h2(b) has
h3(p) in its boundary. Again using the transversality condition, for a neighborhood V of
h2(p), the backward orbit of V ∩ ∂Σ intersects ∂Σ transversely at h(p). Hence there
is an interior 1-cell of Cd , which we call d , that has h(p) in its boundary and such that
h(d) ∈ ∂Σ has h2(p) in its boundary. Also as a consequence of this transverse intersection
and continuity of the flow, there is an interior 1-cell c which contains p in its boundary
and such that h(c) contains h2(p) in its boundary. This accounts for the location of all of
the 1-cells in Fig. 6. There are no other possible 1-cells which contain p, h(p), h2(p), or
h3(p) in their boundary because by condition (1) any such 1-cell e must be in an orbit
{e ∈ intΣ,h(e) ∈ ∂Σ,h2(e) ∈ intΣ} but there are no points in ∂Σ near p, h(p), h2(p),
or h3(p) which do not lie in h(a), h(b), h(c), or h(d). Hence every point near p, h(p),
h2(p), or h3(p) must be in a 2-cell. The positioning of these 2-cells is uniquely determined
by condition (3).
Now suppose h is an M-cellwise continuous map satisfying conditions (1) through (4)
and we will prove that it has a suspension. The first step is to construct T . If T is the tower
for any suspendible map h, recall that there is a projection map π :T → Σ defined by
π(t, x) = x . From the definition of T for any point x ∈ Σ , π−1(x) = [0, τ+(x)] × {x},
where τ+ is defined in Eq. (1). If X is any M-cell, then τ+ is continuous on X and
π−1(X) is homeomorphic to [0,1] ×X. By condition (2), there exists an integer N̂(x)=
min{N > 0 |hN(X)⊆ intΣ}. There is a natural M-complex on π−1(X) which consists of
the following cells (this is shown in Fig. 7.)
X0 =X
Xvertical1 =
⋃
x∈X
ϕ
((
0, τ1(x)
)
, x
)∼= (0,1)×X
X1 =
⋃
x∈X
ϕ
(
τ1(x), x
)∼=X
...
Xvertical
N̂(x)
=
⋃
x∈X
ϕ
((
τN̂(x)−1(x), τN̂(x)(x)
)
, x
)∼= (0,1)×X
XN̂(X) =
⋃
x∈X
ϕ
(
τN̂(x)(x), x
)∼=X.
This gives a natural M-cell complex on the tower T for our given h. For each M-cell
X in Cd , define π−1(X) ∼= [0,1] × X to be a “stack of cells” as above. Specifically,
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define the cells Xi ∼= X for all i = 0, . . . , N̂(x), and Xverticali ∼= [0,1] × X for all i =
1, . . . , N̂(X). Define the gluing maps to take {0} × X ⊂ Xverticali to Xi−1 by (0, x)→ x
and {1} ×X ⊂ Xverticali to Xi by (1, x)→ x . For later use we coordinitize each π−1(X)
by [0, N̂(X)] ×X where Xi = {i} ×X and Xverticali = [0,1] ×X. The “horizontal” gluing
between neighboring cells is defined as follows. If Y is a cell of Cd with X contained
in the boundary of Y then the “horizontal” identifications of cells in π−1(Y ) to cells in
neighboring π−1(X) as prescribed in Fig. 8. For example, suppose Y is a 2-cell and X ⊆ Y
is a 1-cell such that h2(Y ) contains X in its closure as is the case for a and B in Fig. 5.
Then [0,1] ×X ⊂ π−1(Y ) is identified to [0,2] ×X = π−1(X) by (t, x)→ (2t, x). This
defines a cell complex which we call Td . Note that |Td | is homeomorphic to a closed 3-ball.
The M-cell complex Td is shown for the irrational flow on T3 in the left hand part of Fig. 1
and Td is shown for the map h1 from Figs. 2 in 3.
Define a cell complex Tr on |Td | as follows. Define Tr to agree with Td on ∂|Td | −Σ .
Define Tr on Σ to be Cr . This makes Tr a well-defined M-cell complex on ∂|Td | since Cd
and Cr agree on ∂Σ by condition (1). Then define the interior of |Td | to be the sole 3-cell.
Then |Tr | = |Td |. As an example, the cell complex Td for the return map of the irrational
flow on T3 is shown on the left-hand side of Fig. 1 and the cell complex Tr for this same
flow is shown in the right-hand side of this figure.
Define the semiflow φ on |Tr | to be flowing in the vertical direction. More specifically,
there exists a directed 1-foliation on each π−1(X) where each leaf is [0,1] × {x} and the
orientation is in the increasing direction of the first coordinate. This gives a directed 1-
foliation on |Tr |. This foliation becomes the flow once Tr is glued to make M as in the
following paragraph.
There is a unique gluing on Tr which results in a manifold M with Σ as a global
transverse disk to the directed 1-foliation. (Uniqueness is proven in [1].) For each cell X
in Cd , identify Xi with hi(X0) ∈ Cr for each i = 1, . . . , N̂(X). For each such pair of cells
Xk and hk(X0) which get identified, Xk is contained in the {0}×X region of the boundary
of the cell Xverticalk+1 ∼= (0,1) × X and hk(X) is contained in the {0} × hk(X) region of
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the boundary of a cell hk(X)vertical0 ∼= (0,1) × hk(X). Then we identify the Xverticalk+1 to
hk(X)vertical0 by (t, x)→ (t, hk(x)).
To prove that the identification defines a 3-manifold it suffices to show that every point
in |Tr |/∼ has a neighborhood which is an open 3-ball. The interior of |Tr | is the sole 3-cell
and for any x in this cell, [x] = x , so every point in this cell has a neighborhood which
is an open 3-ball. For the points in ∂|Tr |, it suffices to consider only points in Σ because
the gluing on points in vertical cells is forced by the gluing in cells in Σ . It is clear that
conditions (3) and (4) imply that every point in Σ ⊂ |Tr |/∼ has a neighborhood that is an
open ball. The directed 1-foliation then defines a flow on |Tr |/∼ which is topologically
transverse to Σ and has h as the first return map. ✷
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